PMM U.S.S.R.,Vol.51,No.4,pp.497-503,1987 0021-8928/87 $10,00+0.00
Printed in Great Britain ©1988 Pergamon Press plc

AXISYMMETRIC TORSION OF AN ELASTIC SPACE WITH A THIN ELASTIC INCLUSION'

YA.I. KUNETS

The state of stress and strain of an elastic isotropic space with a thin
foreign disc-~like inclusion whose edge has the shape of a small-aperture
angle is investigated by the method of combined asymptotic expansions
(CAE) /1-3/. The elastic system is in a state of axisymmetric torsion.
The principal terms are obtained for the asymptotic expansions of the
solution of the problem in a small parameter that characterizes the
relative thickness of the inhomogeneity.

1. Formulation of the problem and method of solution. 1In an elastic isotropic
space let there be a thin disc~like inclusion that occupies the domain

We=Alra:rel0ihef (M<e<efi () O <L)
1O <C, IR I] <€, C=const, 0Lr<Ci,i=1,2
(r, 8, z are dimensionless cylindrical coordinates, [;{r) are sufficiently smooth functions

for 0<r<1, and e is a small positive dimensionless parameter). The edge of the inclusion
has the shape of a small-aperture angle so that

E@=b{l -4+l —r,r—-1—20,i=1, 2; b; = const {1.1)
g =elfj)—fal=eb(l—r)+o0{l~1r), r—1-0
b=51“62

(eg (r}) is the variable thickness of the inclusion).
Under axisymmetric torsion, the displacement vector component different from zero in an
elastic body, the tangential displacement, satisfies the equation /4/

Fug a2 1 9 |

—@-+Lwe%0, Le=—as+—5— 1.2y
U (r2) + up(ry 2}y, ()R, (—1Hlz0

ug(ry2)=1y

Ug (r1 Z), ()‘, Z) = We

ug} (r,2) =0, VridzEeso0; i==1,2

Here {; is the domain of the body outside the inclusion, and u, (r,2z) are unknown
tangential displacements in the body when the elastic properties of the host and inclusion
materials are identical.

The matching conditions on the material interfacial boundary are written as follows (it

is assumed that the displacements and stresses are continuous during passage across the inter-
facial surface):

upt Uy =ug®  Tn(ue' + uy — yue®) =0, z=¢f;(r) (1.3)
0<r<1,i=1,2; 9 = py/p

uel S uez, % ILQI"-:. —% lLez, Z= 0, T‘> i (14)
Tn{u)==cos(r, n)(-%‘-— - —:—-) + cos(z, n)-‘;—':- 1.5)

cos (z, n) ={— 1)+ 4o (1),

008 (r, )y =(— ) e fi(r) + ofe), £—>0
where p, and p are the shear moduli of the inclusion and matrix materials, respectively, and
cos (r, n) and cos(z, n) are the cosines of the angles between the external normal and to

the inclusion contour and the r and z axes.
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Furthermore, the CAE method /1-3/ is used to seek the principal terms of the state of
stress and strain of a composite which are, as a rule, of greatest interest in applications.
It turns out that the solution for different values of the parameter 7y = p,/p (0 <y < =0) cannot
successfully be described in a unique manner. Consequently, it is proposed to conduct a
separate investigation of the problem here for three ranges of variation of the parameter 7y:

Hyely<<tVe 20r<Ve ) YVe<y<loo (1.6

Th external and internal asymptotic expansions are constructed in each range. It will
be shown that domains of values of y exist in which the solutions for adjacent ranges overlap
with a certain degree of accuracy. We note that the partition (1.6) is provisional; it can
be realized by another method.

2. Construction of the external asymptotic expansion. The external formal
expansion of the solution of the problem formulated describes the state of stress and strain
in the whole composite with the exception of a small neighbourhood of the edge of the inclusion
whose dimensions, are indicated below. We represent this expansion in the form

ugt (ry2) =uzt(ry2) +euy () + ..., 8—0 (2.1)
Ug? (7 2) == Upe® 7y By) + B (e 2y + - .oy €0, z=ez,

Gi=1,2,3 is a subscript indicating the range of the parameter y from (1.6)).
We will use the variables r and 2z, = z/¢ to describe the solution in the domain of the

inclusion. Then (l1.2) takes the form

az,2

ug® + 2 Lug’ =0, (r,z,)=W, (2.2)

Substituting (2.1) into (1.2) and (2.2) and equating the expressions for identical
powers of &, we obtain for the first two approximations

a3 . . . —_—
ﬁuj",_l_ LuJ'kI:O; uﬂ,’——»U, ]/r2+ 22— o0, i:1,2 (23)
a a
uikl———:ujkz, Wu’kl:Euﬂ‘z’ ZZO, r>1; j:i, 2,3 (2-4)
a2 ° a2 ° 92 0 ¢ .
G242 U = 32,3 Up = 0243 Ujso + Lujo 207 (r1 Z*) EWz (25)

From (2.5) we have (4; (r) and By (r) are unknown functions)

Up =z A (r) + By (1) (k=0,1),  up’ =2, 45 (r)+ B,y(r) — 1(2.6)
%z.ﬁL [24As (1) + 3B, (L, "z EW.,  j=1,2,3

Oour further description will be for each range of variation of the parameter from (1.6)
separately.
Let us examine the range 1. We will first assume that
y=0M),1/y=0(1),e—~>0 2.7),
Writing the conjugate conditions (1.3) for series (2.1) and equating the coefficients of
identical powers of g, we obtain the following conjugate conditions when (1.5), (2.6) and
(2.7) are taken into account /5/:

< Upe' = - up?, z=0, r<i1 (2.8)

Uyt = Uyy?
10 0 T3 9z

Uyt — Uy =2, (r), % Uy' — 'g_z upt =2, (), 0<r<d. z=0 (2.9)

P (=01 —9) Tfa? [rsg ) air (% Uy (r,\O))]

Vo) =151 g (1) 5 s . 0)
a

Ay (r)=0, B, (Ny=uy(r, 0), Ay (= % 7 U (r, 0 (2-10)

Biy()=un} (2 0) + £, () [ 57 s (1, 0) — 4330 ]

The relationships (2.3), (2.4), (2.6), (2.8)-(2.10) completely define the principal term
of the external expansion (2.l1l) obtained under condition (2.7). It can be shown by using the
results from /2, 3, 6/ that the asymptotic expansions of the tangential displacements have the
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form
ug' (r, 2) = euy' (r, 2) + O (ey?) + O (e?y?), e—>0, i =1, 2 (2.11)
U (1, 2) = Uyg? (F, 2) + euy? (7, 2,) + O (e4) + O (4%
e— 0

It is seen from the estimates presented, as well as from (2.9) and (2.10), that the
representations (2.11) hold for all values of Yy in the range 1 from (1.6) and cease to be
suitable for y << Ce or y> Cle, C = const,e — 0. Consequently, ranges of variation 2 and 3 of
the parameter y from (1.6) are additionally examined, in which the shear modulus of the in-
clusion differs significantly from the shear modulus of the medium.

The conjugate conditions for determining the principal terms of the external asymptotic
expansions in cases when the elastic properties of the inclusion and matrix materials differ
substantially are found exactly like relationships (2.8)-(2.10), except that it is assumed in
place of (2.7) that y = po/u—0,e— 0, in range 2 and y — oo, 8 — 0 in range 3. The conjugate
conditions mentioned have the form

27, (Uge! — ug?) =g (1) ,% (uao® + ugo? + 2u,) (2.12)
a
a_zu201='367u202' 0<r<1, Z:-O, ‘\)2:—‘:—-
ae® (7 2) = 74 (1) [ttgg" (7 0) — ttgg? (r, O)] [2 — £y ()] + (2-13)
uzol (rY 0) + u‘ (r1 0)7 (ry z*)EWg
a
-7 Yao' (r, 0) — —gz— Uge? (r, 0)= (2.44)

a
— Vs 535 X [8’ (nr® % (us® + uge® + Zu*)]
Ut =g, 0Cr<Ce, 2z=0, Ys=¢&y
Ugy® (r1 24) =Uge? (r, 0) + u, (r, 0), (7, 2 EW, (2.15)

Relationships (2.3), (2.4), (2.12)-(2.15) completely define the principal terms u,f and
uge of the external expansions in ranges 2 and 3.

An asymptotic analysis of spatial elasticity theory problems analogous to those under
consideration was performed, for example, in /6-8/, for bodies containing more compliant or
stiffer thin elastic inclusions than the matrix medium. Relationships (2.12) and (2.14) agree
with the conditions obtained by another method /6, 7/ if they are written in a form correspond-
ing to the case of the torsion of an isotropic elastic body. We mention that the above-
mentioned relationships are equivalent to the analogous conditions used in /9-11/. Different
models of thin inclusions in an elastic medium are presented in /12-14/ for the plane problem
of the theory of elasticity.

Following /2, 3, 6/, it can be shown that outside a certain small neighbourhood of the
end of the inclusion the following estimates hold:

ug' (ry 2) = uy' (r,2) +0(e),e—>0,y—0 (2.16)
ue' (ry 2) = ugg' (r, 2) + 0 (e), e~ 0, 1/y— 0

(Woz (r, =0 (1/”1)' 1/”1 -0, e—0, j=2, 3; %y = 29,

%y = 2/73)

where the parameters y; are defined according to relationships (2.12) and (2.14). It follows
from the estimates presented that the representations (2.16) lose the asymptotic nature when
y=0(1), 1y =0(1),e— 0. On the basis of (2.11) and (2.16) we see the existence of domains
of variation of the parameter ¥ in which the solutions obtained in adjacent ranges of (2.16)
overlap. It is also seen that the partition into ranges can be performed by other methods
also.

The external representations obtained do not describe the solutions of the problem under
consideration in a small neighbourhood of the end of the inclusion. By analogy with /1/ it
can be shown that the size of this domain is determined by the order exp (—C/e), where C =
const, e— 0. To refine the state of stress and strain in the neighbourhood mentioned somewhat
later, we construct the internal asymptotic expansion.

3. Solution of external problems. we now consider the solution of external
problems, i.e., the determination of the functions uy', upy’ (f=1,2,3;1=1,2).

By using the Hankel transform /15/, we determine from relationships (2.3), (2.4), (2.8)
and (2.9)
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upt(rsy=0, r=0, |2>0, i=12; uu‘(r,z):aniy (3.1)
=1

1
S“pﬂ (t)Kn (tv r, z) dt; Kn (tw r, Z) == \ ﬂ"'ljl (nt) Jl (fl’) e d\], n=-1,2
0 0

(b, &) (i=1, 2) are functions in the relationships (2.9) %' = —1, ' = (—1)").
It follows here from the results in /7, 16/ that near the edge of the inclusion
uy 4+ u; 00 Dy + eDyy + p (Cy sin @ + Dy cos ¢) + &g (p, @), (3.2)
p—0

1
0<o<2n, $=0(plnp) Dyp—=\4:()K,(t.1,0)dt

0
uy (ry 2) = euyt (ry 2), 222 05 uy (1, 8) = euy > (r,2), 20
{ —r=pcos¢, z=psing
uy (0y @) Dy +p (Cysingp +Dycosg)y + ..., p—0 (3.3)

(p, ¢ are polar coordinates and D,, C;, D; are known coefficients).

The functions ' (r, 2z), ug (r, z) are determined from the relationships (2.3), (2.4),
(2.12) and (2.14). Analogous problems were examined in /10, 11, 17, 18/, for instance.
Using the Hankel transform, we write

1
upt () =(— 0 S, ) Kn(tor 2y dt, k=(i +1)8,% n=j+1 (3.4)
0

J=2,3 i=1,2 K,(t.r2)= | nJyt)J, () el dn

0
t
1
20 (6) = ' (1,0) — upg? (1,0), 205 ()= { ()t
0
T(t)=— 5 [ (L 0) —ue? (1, 0)],  0<t<L  Kyltory2)=
K,(t,r,z)

where the kernel K,(¢,7,%) is described in relationships (3.1) and §; is the Kronecker delta.
The conditions

P (1) =0, 3 (1)=0 3.5)

are imposed on the functions @; ().
The mechanical meaning of the former is that displacements at the end of the inclusion
should be continuous, and that of the latter is that the torque of forces applied to the

inclusion is zero.
To determine @; () (j =2,3) from (2.12) and (2.14) we obtain the integral equations

1

iy () + g () (e (O K () dt=[ (), 0<r<t, j=2,3 (3.6)

0

K= I rydn, k=j—1;
[}

f* () =g () 2 u* (r, 0)

IO =80 [ e O)]5 Ha=20n A=

By analogy with /7/ it can be shown that (b is a coefficient in the asymptotic form (l.1))

uy (p, 9) & Dyy + p* [Cyy sin vo + Dy cos vl + . . ., 3.7)
p—0,0< o< 2n

v=v; j=2,3 Cy = —ctg (nvy) Dy, Dy = cig (nv;) Cyy

up(ryzy =upt(r, 2,220 uy(r,2) = up®(r, 2, 2<0

vietg (mvy) + b =0; Yy, < vy <1;j=2,3 13.8)

We apply the method of collocation to the solution of (3.6). Taking (3.5) and (3.7) into
account, we represent ¢;(f) as an expansion in Jacobi polynomials &6 17/
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N—1 .
o=t — By 3 A4PETV A2, v=v, (3.9)
n=o
7=2,8; [t]<1
Substituting (3.9) into (3.6) and equating the left and right sides of the equations at
N collection points z,{m =1,2,..., l\f), we obtain a system of linear algebraic equations to
determine the unknown coefficients A4,
N—1
ﬂgﬂAnjLnJ(xm):;fl*(xm)' 0<am<<t; m=1,2,.,N; j=2,3 (3.10)

Using results from /17, 19/, we have

L ()=l ¥F (n -+ 3p — 0 —v — Y33 i 1%)
_ IMinpv+ DT (r 47+ )
- I T (n+v+1s)

”Jn*

(v=v; T'(z) is the Gamma function, and F (a, b; ¢; ) is the Gauss hypergeometric function).
The accuracy with which ¢;(f) is calculated is monitored by comparing the results
obtained for different values of N in (3.10).
Wwe f£ind from (3.7) and {(3.9), to determine the coefficients D; and (y

Ne-1 N—1
Dy=2" §0A32P§3"’"(4), Ca=2" 3 4,.3PT % (1) (3.141)

n=g

4. Internal asymptotic expansion. The method of constructing the internal asyptotic
expansion that refines the state of stress and strain in the neighbourhood of the end of the
inclusion is described in /1, 2/. We will retain this same procedure with the sole difference
that in place of an exponential scale in & for the internal variables /l1/, we shall use the
following scale (this change does not influence the final result):

p==gpy, 1 —7=pcose, z=psing (4.1)
Moreover, the expansion mentioned must be constructed separately in each range (1.6) of
variation of the parameter %.

On the basis of the CAE method /1, 20/, we seek the internal expansion in the range in
the form

U (9, 9) 2 Vg’ (04 9) + 801 (s @) A -+ 1y 8D, i=0,1 (4.2
where the functions 1,® are given in the domain W while 1! are given in the domain Q where
W={20 <o}, Q={>0, <o 2n + (4.3)
oy}
R =Q )W, a; = arctg (eb;)), @ = oty — @y = &b 4 0 (g)
e—0

Rewriting (1.2), (1.3) and (l.4) in internal variables and splitting the differential
operators in integer powers of &, we find that v, are the eigensolutions of the Laplace
equation in a composite angle R that satisfy the conjugate conditions on the interfacial line
of the materials. Using the results from /21/, we find by the CAE method that the eigen-
functions menticned have the form

Vo' (0w 9)=Doy ;" (04 9)=Dio + Dxf-’iu o8 (hyy9) -+ (4.4)
y‘"Clp:':’sin rp9)y %=8% i=0,1

Here Dy, D,, C; are coefficients in the asymptotic expansions (3.2) and (3.3}, and
M1y My are roots close to one for the transcendental equation

cos (Aer) cos [A (2 — &)] —Y/, (v + 1/y) sin (Aa) sin [A (21 — &)} == 1 (4.5)

whose values we will determine below.

Since the aperture angle of the edge of the inclusion o=z eb is a small quantity it is
convenient to seek the solutions of (4.6) in the form of an expansion in the small parameter
¢ in each of the ranges of variation (1.6) for 7Y separately. In procedural respects, the
expansions mentioned are found exactly as the external representations are determined for
the problem under consideration in Sect.2. Therefore, we have

b
A=t e (=)t ha—1 =D+ (4.6)
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7\4]' =2 Vg 'f" Ele’{— . ] = 2, 3
vy = 2v,b [y, sin 2avy) — bv; cos (2av))}
{4y, — M) sin (2av;) — bvy cos (Qav )™t

The subscript j indicates the range of variation of the parameter y while v,(j = 2,3)
are roots of (3.8).

On the basis of (4.2) and (4.4) for the displacements and stresses in the matrix near
the edge of the inclusion, we obtain the following approximate expressions written in the
variables p, ¢ in the range I

uo (0, ©) = Dy -+ Dyp?n cos (hyy@) + Cyp*s sin (A@), p— 0 4.7

Toz sin cos )
(1,9) = WDyt (- cos) (1 = A1) @) + phyyCyphsrt ( ; ) (1 —2y0) 0]

51h

Relationships to compute the state of stress and strain in the neighbourhood of the edge
of the inclusion in ranges 2 and 3 are also cbtained by the method described above

ug (py @) = Dy + Dyo + ¢* [Cyy sin (Ag) + Dy cos (h@)l, A =2, 4.8)
) = piglc (m 1=+ V)it —n 0
1) = P Cnd g ST =M @1+ Dy | _ N =Dl p—

{the coefficients Cjy, Dyl =0, 1) are defined in (3.7), and j is the subscript indicating
the range {1.6) of the parameter 7v).

As is well-known /1/, the external and internal asymptotic expansions obtained above
overlap with a definite degree of accuracy in a broad domain so that the external expansion
can be used, for instance, in the domain p > &, and the internal expansion for p < &.

5. Example. Let an elastic system be twisted under the effect of a concentrated moment
M applied on the z axis at a height z, above the inclusion. In this case /10/

ty (ry 2 = oyr [P (2 — 22172, @, = M/{8sup)
Do =ty (1 + 2,87, € = 30,3, (1 4 2,575 Dy = Cfzy — Dy

where D, Cy, Dy are the coefficients in (3.3).

The state of stress and strain of a composite in the neighbourhood of the edge of an
inclusion is determined in ranges 2 and 3 by relationships (4.8). The coefficients C(,, D,
(;==12,3) in these relationships are determined during the solution of external problems (Sect.
3).

The dependences of the coefficients Cn and Dy on y are illustrated by curves 1 and 2
in Fig.l for e= 0005 and &= 0M (the dashed and solid lines, respectively); @, =10,z = 2,
g{r = 2(1 —r%. The following regularity is seen: as y,= y/e—»o00,e—0 the coefficient Cy -,
{line 3), while Dy —0. Such a regularity holds in all examples of the axisymmetric torsion
of analogous elastic systems and follows from the presence of a range of variation of the
parameter y in which the solutions obtained in cases 1 and 2 overlap with a definite degree of
accuracy. Indeed, by taking account of the regularity presented above, as well as by comparing
values of the tangential displacements determined by means of {4.7) and {4.8), we see that
the difference between these values in the overlap range mentioned above has the form (1 + o™
0, p—0,e—0, where (=const, and *» is the root of (4.5).

["21 'EZ “[‘:y A
d 3

//" }__‘-—-—“ /," 2 |1
/

0:5

RS - k\ /™ St [ —
o Y TR ¢ 003 o 1y
Fig.l Fig.2

An analogous regularity also holds for the coefficients Cy, Dy whose dependence on  1fy
for the above-mentioned values of ¢,g(),a, and z, is displated in Fig.2 by curves 1 and 2,



503

respectively. For y;=¢y—»o,e—0 we have Cyn—0,Du—D; (line 3), which indicates the exist-
ence of a domain of values of 7, in which the internal asymptotic representations obtained in
ranges 1 and 3 agree to within quantities of lower order than the order of the principal terms
found for the internal asymptotic expansions.

Note that the internal expansion obtained is not a boundary layer but just refines the
index of the stress singularity near the inclusion edge.

The author is grateful to Ya.S. Podstrigach and A.P. Poddubnyak for formulating the
problem and for thier interest.
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